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Figure 1.  Schematic of pulse tube cryocooler with inertance tube.

measurements are required to verify the accuracy of any inertance tube model.  We have used a

simple model for the design of inertance tubes that consists of a transmission line analogy.
¶1
  Previous

experiments have compared a small inertance tube of 1.57 mm diameter and 1.15 meters in length

and a larger inertance tube of 5.74¶mm diameter and 2.36¶meter in length.  The smaller inertance tube

showed maximum acoustic power flow values of about 40¶W.
¶2
  The larger inertance tube obtained

maximum acoustic power flows that vary from 100 W to 800¶W.
¶3
  In those experiments various

reservoir volumes were used to obtain this wide range of acoustic powers.  These techniques have a

significant effect on both the magnitude and the phase at the inlet of the inertance tube.  For the

experiments reported here we have included more test results on the 5.74¶mm diameter and 2.36

meter length inertance tube in addition to an 8.71 diameter and 3.59 meter length inertance tube.

These experiments used multiple reservoirs as the previous tests had done.  These experiments

concentrated on obtaining maximum acoustic power flows using various reservoir volumes by adjusting

the frequency of the oscillating flow at a specific operating pressure ratio or mass flow rate.  Large

acoustic power flows were obtained as a result of smaller reservoir volumes.  When using the

83¶cm
3

 reservoir volume we obtained the largest range of pressure ratios for both inertance tubes.

Measured values on the peak acoustic power for the 5.74¶mm diameter inertance tube at a pressure

ratio of 1.30 was about 880 W at 58¶Hz and that for the 8.71¶mm diameter inertance tube at a lower

pressure ratio of 1.07 was about 316¶W at 56 Hz.

TRANSMISSION LINE MODEL

For fluid systems, the impedance is

(1)

where P is the dynamic pressure, VÉ¶ is the volume flow rate, and Z
m

 is the impedance to mass flow.

We prefer the use of Z
m

 because mass flow is conserved, whereas volume flow is not.  For the fluid

transmission line the resistance, inertance, and compliance per unit length appropriate to Z
m

 are:
1

where D is the tube inner diameter, f
r
 is the Fanning friction factor, â is the ratio of specific heats,

R is the gas constant per unit mass, and T
0

 is the temperature of the helium gas.  Some calculations

are made with a factor of 2/î to give a resistance to the average mass flow in one half cycle.  This

factor does not provide good agreement with the experimental results.  They are indicated by thin

lines in some of the graphs shown later.  The inclusion of â in equation (4) implies an adiabatic

process, although it could be varied between 1.0 and 1.67 to allow for any heat transfer intermediate

between isothermal and adiabatic.  The incorporation of the friction factor in equation (2) allows the

use of this model in both the laminar and turbulent flow regions.  We also take into account surface
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roughness in the calculation of the friction factor, and for the calculations given here we assumed a

surface roughness inside the inertance tube of 1.0 ìm.  Steady-state correlations¶
4

 for tubes are used

for the friction factor rather than any complex oscillating flow correlation. There certainly is some

question whether such a steady-state correlation is valid for oscillating flow, particularly for the

large tube used here, where the ratio of tube radius to viscous penetration depth varies from 15 to 20,

and the peak Reynolds numbers are about 1´10
5

.  Turbulence models¶
5

 for oscillating flow with

conditions similar to that experienced here suggest steady-state correlations are valid.  Indeed, the

purpose of the experiments being reported here is to evaluate the validity of the simple transmission

line model with steady-flow correlations for larger inertance tubes.

The reservoir of volume V
r

 at the end of the inertance tube introduces a compliant load on the

end of the fluid transmission line of
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Measurement Methods

The measurements were taken on two inertance tubes with inside diameters of 5.74 and 8.71 mm

and lengths of 2.36 and 3.59 meters, respectively.  The measurements were made by connecting a

reservoir volume directly to the hot-wire anemometer and differential pressure flowmeter without

the inertance tube in place.  In that case the flow at the inlet to the reservoir, given by equation (7), is

the same as that through the flowmeter.  Once the flowmeter calibrations were completed, the 155

cm
3

 mass flow calibration reservoir volume was removed. The individual inertance tubes were

connected directly downstream of the flowmeter.  The other end of each inertance tube was connected

to a manifold where there were four other reservoir volumes attached.  The manifold and respective

reservoirs allowed experimental data to be taken on these separate reservoir volumes at the exit of

the inertance tubes.  These reservoir volumes were 30, 83, 134 and 334 cm
3

.  The three largest

reservoir volumes had piezoresistive transducers and the smallest reservoir volume had both

piezoresistive and piezoelectric transducers for accurate measurements of pressure amplitude.  All

reservoir volumes as well as the inertance tube were instrumented with temperature sensors.  Cooling

air was supplied to maintain temperature control and prevent overheating of the reservoir volumes

when high acoustic power flow was measured.

The pressure amplitudes and phase angles were measured with lock-in amplifiers.  The hot-

wire anemometers were made of tungsten wire with a diameter of 3.8 μm and had specific

instrumentation to measure and calculate the voltage output, as required.

EXPERIMENTAL RESULTS

Experimental data were recorded to calculate the acoustic power flows at specific pressure

ratios.  The test plan measured this acoustic power flow over a range of frequencies generated by the

power supply to observe the maximum power obtained at a given frequency.  It also included data on

both side of the maximum frequency to plot a bell-shaped curve of the acoustic power when pos-

sible.  The output power from the power supply had limitations that prevented obtaining data at

certain ranges for each pressure ratio when the current levels became too high.  Figures 2, 3, 4 and 5

show the results of these acoustic measurements for the 5.74 mm diameter inertance tube.  Many of

the results are compared with the transmission line model data, as in Figure 2.  The calculated model

results are compared to the acoustic power flows calculated at a pressure ratio of 1.07 and a reser-

voir volume of 30 cm
3
.  The model shows a lower frequency and acoustic power than the experimen-

tal data at the maximum acoustic power obtained.

The lower resonance frequency from the model indicates the lc product from the model,

equation 3 and 4, is somewhat higher than the experimental value.  The value of peak acoustic
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Table 1.  Inertance Tube 5.74 mm diameter and 2.36 meter length

In Figure 8 and Figure 9 the experimental acoustic power values are give for the 8.71 mm

diameter inertance tube for the 134 cm
3
 and 334 cm

3
 reservoir volumes.  Figure 8 shows experi-

mental data at pressure ratios of 1.03, 1.05 and 1.10 and transmission line model data at a pressure

ratio of 1.05 with and without the 2/π value for mass flow calculations. The model data are in good

agreement with the experimental data, particularly when calculating the mass flow using the ampli-

tude of the mass flow value, without using the 2/π.  Figure 9 shows experimental data at pressure

ratios of 1.05, 1.20 and 1.30 and transmission line model data at a pressure ration of 1.30.  The

frequency at the peak acoustic value was not obtained, but the tendencies indicate an increasing

acoustic power at continued lower frequencies and that the frequency value at the peak acoustic

power would be a low frequency of about 10-20 Hz.  The model data show good agreement of the

curve shape and without using the 2/π comparison.
The results of the acoustic power flow experiments are also listed in tabulated form for reser-

voir sizes of 30, 83 and 134 cm
3
.  The peak values are shown in Table 1 for the 5.74 mm diameter

and 2.36 meter length inertance tube.  The peak acoustic power frequency decreases with the reser-

voir volume size.  The experimental data show these values to be about 80 Hz at 30 cm
3

, 57 Hz at

83 cm
3
, and 40 Hz at 134 cm

3
.  The phase between the pressure and the flow should approach zero

degrees at resonance, and the experimental data indicate this value.  Table 2 shows the peak values

of acoustic power for the three reservoirs on the 8.71 mm diameter and 3.59 meter length inertance

tube.  The peak acoustic power decreases with reservoir volume size, with the frequency value

being about 68 Hz at 30 cm
3
, 55 Hz at 83 cm

3
, and 44 Hz at 134 cm

3
.   The phase angle between the

pressure and flow approaches zero degrees at the peak conditions.  The experimental peak values
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were not obtained at some of the higher pressure ratios because of electrical input power limitations

and low frequency requirements.  These are indicted by a question mark in the table.

In Figure 10 and Figure 11 the magnitude of the impedance and its relationship to frequency

for the 5.74 mm inertance tube are illustrated.  The values for the real and imaginary impedance are

also shown on both plots.  The real values of the impedance are related to the resistive components

and have little frequency dependence.  The imaginary impedance is dependent on the frequency and

has negative values (compliance) at low frequencies but increases to positive values (inertance) at

the higher frequency range.  In Figure 10 the magnitude, real, and imaginary values are shown from

the transmission model data.  There is good agreement with both the magnitude and real compo-

nents, but the imaginary component is lower for the experimental results, particularly at high

frequencies.  The curve shapes for both plots are quite similar for both the 30 cm
3
 and 134 cm

3

reservoir volumes.  This behavior is consistent with that determined from a comparison of the

reservoir curve in Figure 2.

Figures 12, 13, 14 and 15 show the experimental impedance values for the 8.71 mm and 3.59 m

inertance tube for all four volumes and include model data in Figures 12, 14 and 15.  In all model

cases there is good agreement in the magnitude and real values, but the imaginary value shows

separation at frequency values above 60 Hz.  The results for both inertance tubes with the largest

reservoir volume of 334 cm
3

 were unable to reach resonance because of frequency and electrical

power input limitations.  Figure 15 shows model and experimental data at frequencies from 55

to70 Hz only.

CONCLUSIONS

The experimental data are in good agreement with the model data in most regions.  The resonant

frequency between the model data and the experimental agree well and should be a function of the

inertance and compliance components.  Pressure ratio and charging pressure had small effects on

Table 2.  Inertance Tube 8.71 mm diameter and 3.59 meter length.
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the frequency values at the peak acoustic power flows tested.  Improvements are needed in the

model for the imaginary component in the high frequency range.  Our model is predicting larger

imaginary impedance at these higher frequencies when the reservoir volume is small.
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