
1

N. Tzabar

Rafael
Haifa, Israel 3102102

ABSTRACT

Joule-Thomson (JT) cryocoolers include recuperative heat exchangers (RHE) where a high 
pressure fluid is cooled by the same fluid in a state of lower pressure and temperature. The 
pressure and temperature differences between the streams are in the order of a few MPa and 
hundreds of K, respectively. 

The RHE is the largest component of the JT cryocooler cold-end; therefore, miniaturization 
of the cooler may be achieved with a micro-fabricated RHE. Our preliminary design of a micro 
JT cryocooler is based on a plane counter flow micro RHE (�RHE) that consists of straight 
micro-channels for both high and low pressure streams. An analytical quasistatic model of the 
cryocooler has been developed for investigating the �RHE performances. The analysis calculates 
five temperature profiles in the RHE; high and low pressure streams, both stream covers, and the 
buffering material between the streams. The �RHE model is further developed for a complete 
micro JT cryocooler at transient conditions. This analytical model helps to design the prototypes 
to be fabricated and tested and facilitates parameter and sensitivity studies. Some preliminary 
results of the parameter study are presented and discussed. 

INTRODUCTION
Joule-Thomson (JT) cryocoolers are suitable for cooling small electronic devices that 

operate at cryogenic temperatures. The cold stage size of mini JT cryocoolers that consist of 
finned-tube, tube-in-tube, sintered, or similar heat exchangers is already small compared to other 
cryocoolers and benefit from the absence of moving parts, vibrations, and heat emission. Further 
improvement in JT cold stages can be achieved by implementing the recuperative heat exchanger
(RHE) in micro fabrication techniques to obtain further miniaturization. In addition to the clear 

heat capacity. 
William A. Little [1,2] established the MEMS based JT cryocoolers employing flat plate 

micro recuperative heat exchangers (�RHE) that consist of straight and winding micro-channels. 
Mikulin et al. [3] experimentally investigated several plane �RHE and a disk plate cooler with 

the �RHE and the heat transfer between the streams. Much effort is invested at the University of 

Archimedean spiral channel. Narayanan and Venkatarathnam [4,5] performed numerical analysis

and came to the conclusion that there is an optimum balance between the parasitic heat leak of
on winding channel heat exchangers taking into account the conductive heat transfer in the solids

,advantage of miniature dimensions micro JT cryocoolers also gain low intrinsic heat load and
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Twente on flat plane micro JT cryocoolers [6] and several configurations of micro cryocoolers 
have been developed, analyzed, and tested for various cooling temperatures and with different 
working fluids. A larger heat exchanger that still consists of micro-channels is developed at 
KAIST [7] where a technique for lowering the axial heat leaks is developed. Whith et al. [8]
developed a multi layer �RHE with a cubic shape for cryosurgical probes and a tubes-in-tube 
�RHE is developed by NIST and the University of Colorado at Boulder [9-11].

Designing a micro-cryocooler and improving its efficiency requires developing the ability to
analyze the �RHE, the complete cryocooler, and to perform parametric investigations. Several 
groups developed numerical models of �RHE and micro JT cryocoolers; Nellis [12] developed a 
finite differences model of a general heat exchanger with exponentially distributed grid that is 
verified against analytical solutions. Foli et al. [13] numerically investigated �RHE and show the 
trade-off between minimal pressure drops and maximal heat transfer. Lerou et al. [14] optimized 
a flat �RHE using finite element method to minimize the entropy generation. Cao et al. [15] used 
this model to further optimize a two stage micro JT cooler.

algebraic set of equations that are analytically solved. The model determines five temperature 

low pressure cover. The model neglects the radiation heat transfer and the dependence of 

further developed for transient conditions of a complete micro JT cryocooler. The transient 
model incorporates the radiation heat transfer and the dependence of material properties on 
temperature in a manner that preserves the analytical solution method.         

RECUPERATIVE HEAT EXCHANGER CONFIGURATION

The �RHE of interest consists of three layers with straight parallel micro-channels for both 
high and low pressure streams, where the middle layer buffers between the two streams. A 
section of the �RHE that includes a single micro-channel for each stream is schematically 
described in Figure 1. The top layer, marked with 'A', includes the micro-channels of the high 
pressure stream, marked with 'H', where the layer thickness is yA and the micro-channel depth is 
yH. The layer at the bottom, marked with 'C', includes the micro-channels of the low pressure 
stream, marked with 'L', where the layer thickness is yC and the micro-channel depth is yL. The 
middle layer, marked with 'B', is the buffering layer between the two streams, with thickness of 
yB. Both channels width and length are W and L, respectively. The wall thickness between two 
channels of the same stream equals Wwall; therefore, the section in Figure 1 includes walls of 
½Wwall at the channel sides. 

Figure 1. A schematic of the �RHE.
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In the present research a steady state model of flat �RHE is developed expressed with linear

profiles; high pressure stream, low pressure stream, buffering material, high pressure cover, and

,

material properties on temperature, in order to maintain the equations linearity. The model is,
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ANALYTICAL MODEL

�RHE model at steady state 
The analytical model refers to a section of a single channel for the high pressure stream and 

another single channel for the low pressure streams, as described in Figure 1. The model assumes 
heat transfer, conduction and convection, among all parts at the y direction, axial (x direction) 
conduction heat transfer in layers A, B, and C, and no heat transfer at the z direction. Under these 
assumptions, the current model is suitable for analyzing multi channels heat exchangers as well. 
In order to obtain a linear set of equations that can be analytically solved the radiation heat 
transfer is neglected and all material properties are assumed to be constants. The �RHE is 
divided into N equal elements along the x axis, where the length of each element is �x = L / N. 
The position of each element along the �RHE is presented by the index i where i = 1 at the warm 
end and i = N at the cold end. Figure 2 shows a schematic of the model with the heat and 
enthalpy flows, Q�  and H� , respectively. In each element there are 5 parts; A, H, B, L, and C, with 
a single energy balance equation for each part; therefore, totally there are 5N equations that 
describe the �RHE. The equations for element i are: 

i
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Figure 2. A schematic of the analytical model with the heat and enthalpy flows.

Figure 3. A schematic of the analytical model with the unknown temperatures.
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In a more detailed expression, the equations of element i become: 
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where k is the conductive heat transfer coefficient, cp is the specific heat capacity, and A� is a 
cross section area on a y-z plane of the solid indicated by the attached subscript. Hm� and Lm�  are 
the mass flow rates of the high and low pressure fluids, respectively, and A�� is an area on a x-z
plane between part '�' and part '�'. ��� is the convective heat transfer coefficient between part '�'
and part '�' calculated as follows [16]: 

� 	5432 1861.00578.14765.20853.3042.21235.8 ������ ������  (11) 

where � = channel height / channel width
The unknowns in the equations are the temperatures that are detailed in Figure 3. The 

temperature of the solids, A, B, and C, are constants per element where for a fluid part in an 
element, H and L, there are two temperatures at the edges. In addition, every solid has two 
additional temperatures at the edges; thus, there are N+2 unknowns for each solid and N+1
unknowns for each fluid which make totally 5N+8 unknowns. The extra 8 equations are derived 
from the end conditions that are specified in Figure 3, where Tamb is the ambient temperature, Tin
is the temperature of the incoming high pressure fluid, and Tcold is the temperature of the 

and provides five temperature profiles in the �RHE; two streams, H and L, two solid covers, A 
and C, and the buffering layer, B. After obtaining the temperature profiles the pressure drops of 
the fluids are calculated. For every element the pressure drop is calculated by [16]:
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where Dh is the hydraulic diameter, � is the density, vm is the mean flow velocity, and � is the 
kinematic fluid velocity. The pressure drop is determined from element 1 to element N, where 
the fluid properties are obtained from REFPROP� as a function of the element temperature and 
the element inlet pressure that equals the previous element outlet pressure. Finally, the 
effectiveness of the �RHE is calculated as follows: 
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incoming low pressure fluid, all provided to the model. This set of equation  is solved analyticallys
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JT cryocooler model at transient conditions

The steady state model of the �RHE that is described above is further developed to a 
transient model of a complete JT cryocooler that is described in Figure 4. The high pressure fluid 
that leaves the �RHE enters an expansion valve where its pressure drops together with its 
temperature, according to the JT coefficient. The fluid that leaves the expansion valve enters an 
evaporator where it absorbs heat from the device that has to be cooled. The evaporator outgoing 
fluid enters the low pressure port of the �RHE. 

The operation of the cryocooler is divided into equal time intervals, �t, where in each 
interval the �RHE is solved at a steady state. The main parameter that is changed with the 
intervals is T4 (equals Tcold mentioned in Figure 3), which is the temperature of the fluid that 
leaves the evaporator and enters the low pressure port of the �RHE. The temperature of the fluid 
that enters the evaporator, T3, is determined by REFPROP as a function of pressure and 
enthalpy; the pressure is the low pressure in the cycle and the enthalpy equals the enthalpy at 
point 2. The enthalpy of the fluid that leaves the evaporator, h4, is calculated as follows:

� 	 evaporatorevaporatorCRHEevapoatorradRHECBA TCQtQQQQQHtH
p

�!����������! ,,34
�������  (16) 

where 3H�  and 4H�  are the enthalpy of the fluids entering and leaving the evaporator, 
respectively, AQ� , BQ� , and CQ�  are the heat loads of the three layers of the �RHE, evaporatorQ�  , 

evaporatorC , and evaporatorT�  are the heat load, heat capacity, and temperature difference between 
time intervals of the evaporator. radRHEQ ,

�  is the radiation heat load on the �RHE that is ignored at 
the steady state model. It is calculated after every time step according to the previous 
temperature profiles:
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where  is the emissivity and $ is the Stefan-Boltzmann's constant. The subscript index i 
indicates the element number along the x axis and the superscript index j indicates the time step. 
AA and AC is the area exposed to radiation heat transfer of parts A and C, respectively. In 
addition, all the materials properties that were assumed to be constants at the steady state model 
become temperature dependent. For each element at every time step the properties are taken as a 
function of its temperature at the previous time step.

The flow rate in the cryocooler is governed by the expansion valve. The expansion valve is 
characterized by the free flow rate (FFR) parameter which equals the nitrogen flow rate at 
pressure of 6.9 MPa (1000 psi) and temperature of 296 K. The actual flow rate during the 
cryocooler operation at time step j+1 is determined as follows:

            j
NiH

j
NiHj

T
p

CFFRm
�

�� !!�
,

,1 296
9.6

� (18) 

where the pressure is in MPa and the temperature is in K. C is a coefficient depends on the 
temperature and pressure in the expansion valve inlet and is provided in a pre determined table.  

Figure 4. The model of a complete JT cryocooler.
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RESULTS AND DISCUSSION

�RHE model at steady state

Five temperature profiles are presented in Figure 5 for a �RHE with length of 30 mm, width 
of 9 mm, and Wwall equals 0.2 mm. The thickness of solids A, B, and C are 0.2, 0.1, and 0.15
mm, respectively. The high and low pressure channel heights are 0.05 and 0.1 mm, respectively. 
The fluid is nitrogen at 10 MPa and 0.2 MPa in the high and low pressure streams, respectively, 
and the flow rate equals 0.02 g/s. The high pressure fluid enters the �RHE at 300 K and the low 
pressure fluid enters the �RHE at 80 K. The dashed lines refer to the fluids and the continuous 
lines present the solids. Strength calculations are not taken into account in the current model.

The temperature profiles enable to determine the effectiveness of the heat exchanger, the 
temperatures of the outgoing fluids, the conductive heat transfer at the x axis through the solids, 
and the pressure drops at both high and low pressure streams. Since the model is analytically 
solved, there are no convergence problems and other running limitations. Therefore, a wide 
parametric analysis is feasible targeting optimization of the �RHE design against different 
purposes. Figure 6 presents the dependence of the effectiveness on the number of elements and 
shows that using 500 elements provides suitable accuracy. 500 elements mean element length of 
0.06 mm that is in the same order of magnitude of the channel heights; therefore, it becomes the 
suggested number of elements. The influence of the channels height on the effectiveness and 
pressure drops are presented in Figure 7. Decrease in both channel heights increases the �RHE 
effectiveness and the pressure drops at both streams. Figure 7 (b) shows the limits where the 
pressure drops become significantly high. In our current example, the high and low pressure 
channel heights shall not go down below 0.05 and 0.1 mm, respectively. The influence of the 
�RHE length and width on its effectiveness and parasitic heat load is presented in Figure 8. As 
expected, longer �RHE has improved effectiveness and reduced parasitic heat load; however, 
short �RHE is desirable due to miniaturization considerations. Wider channels provide higher 
heat transfer area and an increased effectiveness; however, besides the desire for miniature 
�RHE, the width of the channel shall be minimized in order to decrease the parasitic heat load. 
Figure 8 (b) shows a significant relation between the channels width and the parasitic heat load 
which convinces that a minimum channel width is preferable. Surprisingly, narrow channels do 
not have higher pressure drops, even though the velocity is increased, since the friction factor 
depends on the channel aspect ratio (see equation 13). Finally, Figure 9 presents the effectiveness 
as a function of the flow rate. It is clear that the current �RHE is designed for flow rates up to 
about 0.02 g/s and increased flow rates reduce the effectiveness significantly. 

Figure 5.  Temperature profiles in the ìRHE at steady state. Solid temperatures are presented in solid

lines and fluid temperatures are presented in dashed lines.
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Figure 6. �RHE effectiveness dependence on the number of elements. 

        
Figure 7. Channel heights influence on (a) �RHE effectiveness (b) pressure drops. 

   
Figure 8. �RHE length and width influence on its (a) Effectiveness (b) Parasitic heat load. 

Figure 9. �RHE effectiveness as a function of the flow rate. 
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JT cryocooler model at transient conditions 

The investigation of the complete JT cryocoolers refers to the basic parameters that are 
detailed in the beginning of this chapter. The main difference is in the definition of the flow rate. 
Since the flow rate changes during the cool down process, we define the expansion valve with 
the FFR parameter that in the current case equals 0.01. Figure 10 (a) presents the cool down 
process of the basic configuration. The initial flow rate is 0.01 g/s and it increases to 0.032 g/s at 
the end of the cool down process, as shown in Figure 10 (b). The influence of FFR on the JT 
cryocooler performances is presented in Figure 11. The cooling temperature is presented in solid 
line and the effectiveness is presented in dashed line. At low flow rates the cryocooler reaches 
the cooling temperature target of 80 K; however, when the flow rate increases the �RHE 
effectiveness decreases until it becomes insufficient and the final cooling temperature increases. 
In the current case the upper limit of the flow rate to attain cooling temperature of 80 K is 
FFR=0.01 which yields �RHE effectiveness of 0.945.  

Figure 12 shows the cooling temperature in solid line, the effectiveness in dashed line, and 
the cool-down time in dotted line, as a function of the �RHE length. From miniaturization 
aspects the shortest �RHE is desirable; however, Figure 12 proves that there is a low limit for the 
length where under it the �RHE effectiveness is inferior and the cryocooler does not reach the 
cooling target of 80 K. Beyond this limit, an increase of the �RHE length increases the 
effectiveness and improves the cool down time. The significant dependence of the cool down 
time on the channel heights is presented in Figure 13; solid line for high pressure channel and 
dashed line for low pressure channel. The lower limits for the channel heights are obtained from 
the �RHE steady state study to avoid high pressure drop, see Figure 7 (b). The results presented 
up to channel heights of 0.15 mm since above it the effectiveness drops and the cryocooler does 
not reach the cooling temperature of 80 K.   

      
Figure 10. Cool down process of a complete JT cryocooler; (a) temperature cool down, (b) flow rate. 

Figure 11. Cooling temperature and �RHE effectiveness as a function of FFR of a JT cryocooler. 
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Figure 12. Cooling temperature, cool down time, and effectiveness as a function of the �RHE length. 

Figure 13. Cool down time as a function of channel heights. 

CONCLUSIONS 

cryocoolers. The complete model is based on a steady state parametric model of a �RHE that 
consists of a set of linear equations. This set of equations is analytically solved, thus, there are no 
convergence problems or illegal solutions. Therefore, an extensive parametric investigation is 
feasible in a very convenient manner. The model calculates five temperature profiles in the 
�RHE to obtain the axial heat leaks and radiation heat loads. The linearity of the �RHE steady 
state model is obtained by neglecting the radiation heat transfer and assuming constant material 
properties.  

An advanced transient model of a complete micro JT cryocooler that is based on the steady 
state model is further developed. The transient model incorporates the radiation heat transfer and 
material properties temperature dependence in a manner that preserves the analytical solution.  

The small dimensions of the �RHE reinforce high sensitivity of its performances to the 
geometry and operating conditions. The �RHE effectiveness is a significant parameter that is 
used to examine the performance of the micro JT cryocooler. For the current case, when the 
effectiveness decreases below about 94 % the cryocooler does not reach the desired cooling 
temperature of 80 K. The model described in this paper provides a convenient tool for designing 
micro JT cryocooler by examining trends and sensitivities of parameters. The results comply 
with published data and are going to be validated against experimental results. 

A numerical model has been developed for analyzing the performance of micro JT 
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