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ABSTRACT
A pulse tube cooler driven by a linear compressor can be equivalent to a network consisting of
electric, mechanical and acoustic parts, among which the coupling is a critical issue for improving cooling performance. However, it is still a research area that remains poorly understood. In this work, we
develop a coupled phasor diagram containing electric, mechanical and acoustic parts using a vector
analysis method. The phasor analysis reveals the coupling characteristics inside a pulse tube cryocooler,
especially the electric-to-acoustic conversion efficiency, the power factor, and so on. This is expected to
help with the design and performance improvement of a pulse tube cryocooler.
INTRODUCTION
Since the Oxford-style linear compressor was introduced by Davey in 1981, it has become a key
element that ensures the high reliability and high efficiency of many Stirling-type cryocoolers.1,2
For analysis purposes, the compressor can be divided into three parts: the electric, the mechanical,
and the acoustic impedance parts.3,4 The operation of the linear compressor comprises complex
transition processes among these three parts. Coordination and coupling among each part are important for the cryocooler to achieve its best performance. Previous studies have reported on the
dynamic characteristics of linear compressors, and the acoustic impedance on the piston was modeled using an equivalent damping coefficient and a gas spring stiffness.5,6 Wakeland used an equivalent
circuit model to analyze the performance and optimized the acoustic resistance under the resonant
condition.3 Swift also derived the efficiency using acoustic impedance analyses, and optimized the
piston area at resonance.7 Radebaugh et al. discussed the acoustic impedance match based on a
given commercial linear compressor.8 Dai et al. analyzed the impedance matching principle between the linear compressor and the cold head from the perspective of energy balance and derived
the criteria for both maximizing the efficiency and maximizing power output.9 Although much has
been learned, some topics remain poorly understood. How to choose the best working condition for
a given linear compressor? Are there any possible coupling methods in case the linear compressor
does not match the cooler? And, how about the coupling characteristics among the entire electricmechanical-acoustic parts?
This paper tries to answer these questions. A specific impedance point, called the ‘sweet spot’
is proposed aiming to obtain the highest efficiency as well as the maximum power output at the same
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Figure 1. Schematic diagram and physical model of a linear compressor.

time. Some possible additional impedance matching methods are introduced based on an electrical
impedance matching network. Finally, an electric-mechanical-acoustic coupling phasor diagram is
introduced to analyze the coupling characteristics of the entire system.

In Equation (6), there is only one parameter that can be adjusted for a given linear compressor,
that is the frequency õ. Also, there is only one acoustic impedance point (Ra, Xa, f ) to meet this
requirement. This specific impedance point is called the ‘sweet spot’ for a linear compressor.
Taking the existing commercial linear compressor Qdrive 2S132W10 in our lab for instance, its
parameters are listed in Table 1.
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Table 1. Parameters of CFIC 2S132W linear compressor (single motor).

Figure 2. Efficiency and power for different
frequencies under resonance of Qdrive 2S132W

Figure 3. Phase angle vs. frequency under
resonance of Qdrive 2S132W

Substituting these parameters from Table 1 into Equation (6), we get the specific frequency:

Calculations for three different frequencies (40 Hz, 71.26 Hz and 120 Hz) under resonance are
carried out as shown in Fig. 2. The efficiency curves are overlapped, which means the efficiency
has nothing to do with frequency as long as resonance is achieved. As for the power output, for all
three frequencies, when Ra is small (e.g. less that about 3.0e7 Pa·s/m3 for 71.26 Hz), the displacement reaches its upper limit before the current does; that is, the maximum displacement limits the
power input and the power output. When Ra is large (e.g. larger that about 3.0e7 Pa·s/m3 for 71.26 Hz),
the current reaches its upper limit before the displacement does. In this case, the maximum current
limits the power input and the power output. As a result, there is a specific Ra to reach the maximum
power output for three frequencies (Ra meeting Equation (5)), and the higher the frequency is, the
higher the maximum power output will be among these frequencies. The 71.26 Hz frequency is the
one where the highest efficiency accompanies the maximum power output; this is the frequency the
linear compressor should work at so as to fulfill its capability.
However, we note that the rated working frequency of this compressor is 60 Hz10, which was
also used in our previous work.11 We turn to the cryocooler side to see how this frequency affects
the phase angle ï between mass flow and pressure wave at the compressor outlet. For the acoustic
impedance we have:
(7)
Combining the resonant Equation (3), we obtain the relation between f and ï:
(8)
To achieve the highest efficiency, Equation (4) should be satisfied. By substituting parameters
from Table 1, we obtain the relation between f and ï, as shown in Fig. 3. It is found that ï increases
as f increases. Generally, ï should be between 20~50 degrees (mass flow leading the pressure
wave) for a cryocooler, which needs the f to be between about 43~54 Hz in this case shown from
Fig. 3. But this frequency region is lower than the ‘sweet’ frequency 71.26 Hz, which means that
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Figure 4. Extra volume matching
and its equivalent circuit.

Figure 5. Effects of extra volume on Zout.

power output is limited as shown from Fig. 2. On the other hand, if driving the linear compressor at
71.26 Hz, ï will be much larger for the cryocooler according to Fig. 3. This is one of the cases that
mismatch between the linear compressor and the cryocooler occurs; here extra matching methods are
needed.
POSSIBLE IMPEDANCE MATCHING METHODS
Additional matching methods are needed to ensure high efficiency of both the linear compressor
and the cryocooler, and no extra dissipation is expected to be introduced. The most simple way is to
add a buffer volume between them (in series or in parallel). Figure 4 shows the structure and its
equivalent circuit. Here Zin is the acoustic impedance of the cooler, X is the reactance of the volume,
and Zout is the acoustic impedance at the compressor outlet. We have the equation:
(9)
We calculate the effects of volume (0~10-3 m3) on Zout for different Zin, as shown in Fig. 5. It is
seen that the extra volume can adjust the acoustic impedance in a quite wide range, but for each Zin,
Zout will vary along a specific curve as the volume increases. This matching method can not realize
the impedance match between an original Zin and an arbitrary Zout.
In the electronics field, an impedance matching network is widely used.12 Here we introduce
the simple L type double component impedance matching network. The four possible matching structures and their equivalent circuits are shown in Fig. 6, in which the buffer volume is analogous to
electric capacitance and the inertance tube is analogous to electric inductance.
These matching networks have a much wider impedance adjusting range (other than a specific
curve). Taking the first network in Fig. 6 as an example, it is described by the following equation:
(10)
where C is the acoustic capacitance of the volume, and L is the acoustic inertance of the inertance
tube. Writing Zin and Zout in the forms:
(11)
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Figure 6. Four L type impedance matching networks and their equivalent circuits

By substituting Equation (11) into Equation (10), we can derive the required C and L:

(12)

That is, for any given Zin and Zout, Zout could be achieved at the compressor outlet by using the L
type impedance matching network with C and L calculated from Equation (12). There are still some
forbidden zones that can not be reached; these are not discussed in this paper.
ELECTRIC-MECHANICAL-ACOUSTIC COUPLING
In a Stirling-type cryocoolers driven by a linear compressor, most parameters inside are sinusoidal. Thus, a phasor analysis provides a convenient way to describe the phase relationship between mass flow and pressure wave inside the cooler13, the forces acting on the piston14, as well as
the voltage balance within the electric elements.15
For the voltage balance, Equation (1), the first term on the right side represents the voltage drop
in the electric resistance that is in phase with current. The second term on the right side represents the
voltage change due to electric inductance, which is 90° out of phase with current. The third term on
the right side represents the induced voltage due to the piston movement, which is in phase with
piston velocity. Figure 7(a) shows the phasors of each term in the complex frequency domain, in
which I is chosen to be the x-axis. The sum of the above three vectors is the total voltage U. It
should be noted that the phase angle between U and I, ø, has a cosine value known as the power
factor.
In the force balance, Equation (2), the inertial force Ma is in phase with piston acceleration.
For each term on the right side, the motor force ÙI is in phase with current, the damping force Rmv is
in phase with piston velocity, the mechanical spring force ksx is in phase with piston displacement,
and the gas force pcA is in phase with pressure wave. Figure 7(b) shows the phasors of each term in
the complex frequency domain, in which x is chosen to be the x-axis. Here the phase angle between v
and I, Ú, is a critical angle for a linear compressor. When Ú = 0, the motor force is minimized for the
same power output, which means the highest efficiency is obtained; this condition is known as
resonance. What’s more, the phase angle between v and pc, à, depends on the particular cold head
attached to the compressor. For the cold head side, according to the equation for conservation of
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Figure 7. Phasor diagrams of electric, mechanical and acoustic parts.

mass, we have13:

Figure 8 is helpful in the design, analysis and optimization of a cryocooler, especially in the
understanding of coupling among the three different parts. For example, on the one hand, in order to
ensure good cooling performance of the cold head, the phase angle à should be around 30°. This in
turn requires a reasonable design of the linear compressor so as to maintain such a phase relationship between v and pc. On the other hand, the linear compressor should work around the resonance
to get its highest efficiency; this needs the phase angle Ú to be near 0°. The requests above can be
satisfied by adjusting the parameters in the compressor, e.g. M, ks, A.
In some applications, people are concerned about the power factor (that is the phase angle û). It
is noted from Figure 8 that û = 0 and Ú = 0 can not occur at the same time as long as Le¨0, that is,
power factor equals 1 doesn’t mean resonance and vice versa.4 Sometimes attention should also be
paid to power factor to avoid too high a voltage. In this case, the compressor efficiency should be
sacrificed a little (Ú¨0, and v leading I).
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Figure 8. Joint electric-mechanical-acoustic coupling phasor diagram

All the discussions here are aimed at the phase angles in Fig. 8. Similar coupling analyses can
also be done specific to magnitudes of each vector. Figure 8 reveals the intrinsic coupling mechanism between different parts, and provides references for reaching the best performance of a Stirlingtype cryocooler.
CONCLUSIONS
Study on the coupling characteristics of a cryocooler is carried out. In order to fulfill the
capability of a linear compressor, it should be operated around such a ‘sweep spot’ to obtain the
highest efficiency and maximum power output at the same time. Several possible impedance matching methods in analogy with electrical matching networks are introduced if the compressor doesn’t
match the cold head. A joint electric-mechanical-acoustic coupling phasor diagram is achieved. It
reveals the intrinsic coupling mechanism between different parts and provides references for reaching the best performance of a Stirling-type cryocooler.
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