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ABSTRACT

Dilution refrigeration is widely used in the frontier research fields of condensed-matter physics, astro-
nomical observation, and quantum computing. Heat exchangers are significant to the normal operation and
thermodynamic efficiency of the whole system, especially in the condensation-pump dilution refrigerators
with a small driving force. At present, there are few published reports on the comprehensive analysis and
quantitative calculation of the continuous tube-in-tube heat exchangers, especially under small flowrates. In
this paper, a numerical model is established and the optimum dimensions and thermal performance under
small flowrates are calculated using MATLAB. The results show that the Kapitza thermal resistance be-
tween the dilute liquid and the wall is the most critical factor, and the axial liquid heat conduction and
viscous heating should not be ignored. In the design and optimization of the heat exchanger, the heat
transfer area of the dilute fluid should be large enough, and the axial liquid thermal conduction and viscous
heating should be restrained to reduce the entropy generation. This study lays a foundation for further
design of small condensation-pump dilution refrigerators.

INTRODUCTION

Dilution refrigeration is the most popular subkelvin refrigeration technology supporting many cutting-
edge research activities in fields of condensed-matter physics, astronomical observation, and quantum
technology. It utilizes 3He atoms that flow from the concentrated phase to the dilute phase, achieving
continuous cooling at very low temperatures, ranging from several hundred to a few mK, while providing
a relatively large cooling power with no electromagnetic interference. Dilution refrigeration was first pro-
posed by London et al. in 1951 [1] and the first refrigerator was built by Das et al. in 1965 which achieved
220 mK [2]. Through system modifications, primarily to increase the heat transfer area of the heat ex-
changer, the dilution refrigerator (DR) could achieve 25 mK [3]. After new heat exchangers made from
sintered copper and silver powders were put forward, DR temperature was further decreased [4, 5]. At
present, the minimum temperature of DRs is 1.75 mK and the cooling power can reach up to 20 ìW at
10 mK. The development history of dilution refrigerators is described in detail in reference [6].

Conventional DRs need oil-free mechanical pumps and complex gas-handling systems to achieve
room-temperature circulation. There are some disadvantages such as complex system, large footprint,
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high pre-cooling heat load, and vibration of oil-free circulating pumps.  High cooling power is sometimes
not required for many occasions of scientific exploration and high-end instruments with higher require-
ments of easy operation and compact structure. A condensation-pump dilution refrigerator [7] uses a
condensation pump to generate cryogenic 3He circulation without any circulation pumps, as shown in
Figure 1. This refrigerator has a compact structure, small volume, and relatively low cost.  However, the
driving force of the cold cycle is limited by the liquid height difference between the concentrated and dilute
fluid and the 3He saturated vapor pressure difference corresponding to the still and cryopump temperature.
Under low driving force, the quantitative calculation of the heat exchanger is particularly important. On the
one hand, the heat exchanger is one of the key factors to determine the temperature and cooling power. On
the other hand, the flow resistance of the heat exchanger is critical to the normal operation of the system. In
addition, through analyzing the reported experimental data, the efficiency of the condensation-pump dilu-
tion refrigerator [7, 8] can reach 3% of the Carnot efficiency with a temperature difference between 440
mK and 95 mK. Compared with the efficiency of a single-stage ADR, its efficiency is much lower.

The heat exchangers of a DR include continuous tube-in-tube heat exchangers and step heat exchang-
ers with sintered metal powders. While the latter provide better performance at extremely low tempera-
tures, only the continuous tube-in-tube heat exchanger can also produce a lowest temperature below
50 mK.  Most previously published research of continuous tube-in-tube heat exchangers is limited to
simplified calculation of heat exchange area and how to avoid system instability. Systematic in-depth quan-
titative calculation is rarely reported.

In this paper, based on quantum fluid properties and heat transfer characteristics at low temperatures,
theoretical and numerical models of continuous tube-in-tube heat exchangers are set up. The effect of
dimensions such as the length and diameters of the heat exchanger on thermal performance is analyzed.
Some parametric studies have also been performed.

THEORETICAL MODEL

The continuous tube-in-tube heat exchanger is a typical counterflow heat exchanger. The concentrated
phase flows in the internal tube, and the dilute phase flows in the annular space. In our model, the axial
lengths of the concentrated and dilute channels remain equal, as shown in Figure 1.

Momentum Equation

The flow in the heat exchanger is the Poiseuille flow. The pressure drops per unit length of the
concentrated liquid and the dilute liquid are
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Figure 1. Schematics of the condensation-pump DR [7] and the continuous tube-in-tube heat exchanger.
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where ãc and ãd is the viscosity of the concentrated and dilute liquid.  nË3 is the flow rate, mol/s, dic is the
internal diameter of the concentrated channel, D

id
 and D

od
 is the internal and outer diameter of the dilute

channel respectively, V
3
 is the volume per mol 3He.  The molar volume of the concentrated phase equals to

the pure 3He, V3,c =36.84×10-6 m3/mol . The volume per mol 3He of the dilute phase V3,d  is a function of
the molar mixture volume V

m
 and the concentration x.

3,d m 4/ (1 0.286 ) /oV V x V x x   (3)

4
oV is the molar volume of pure 4He, 27.58×10-6 m3/mol.

Energy Balance Equation

In steady-state flow, the energy balance of a finite control volume comes from the axial liquid heat
conduction Q

con
, exchanged heat between two fluids q, and viscous heating q

f
. The energy balance

equation is [9]
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The axial liquid heat conduction is

con

dT
Q kA

dl
  (5)

where k is the thermal conductivity of the liquid and A is the crosssectional  area.
The thermal resistance between the concentrated and dilute phase in the heat exchanger consists of

three parts: Kapitza thermal resistance on the concentrated side, the solid thermal conducting resistance
and Kapitza thermal resistance on the dilute side. The temperatures of the solid and liquid are used to
calculate the Kapitza thermal resistance due to their large temperature differences. The liquid temperature
gradients in the radial direction are neglected because the ratio of the radial liquid thermal resistance to the
Kapitza thermal resistance is small, for example <0.003 on the dilute side. The exchanged heat per unit
length is
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The concentrated phase rejects heat, sign = -1. The diluted phase absorbs heat, sign = 1.  Tc and Td

are the temperatures of the concentrated and dilute fluid, respectively. T
s1

 and T
s2

 are the wall temperatures
on the concentrated side and dilute side. k

s
 is the thermal conductivity of the solid. r

K
 is the Kapitza

resistance coefficient, m2K4/W.
Continuous tube-in-tube heat exchangers are usually made of CuNi alloys. The Kapitza resistance

coefficient between the CuNi alloy and the dilute phase r
K,d

  is [10]
2 4

K,d 0.01(m K /W), for 0.2 Kr T   (7)

Lacking the data of the Kapitza resistance coefficient between the CuNi alloy and the concentrated
phase, the Kapitza resistance coefficient of the polished Cu-3He [10] is used, which is

2 4
K,c 0.001ln( ) 0.0004(m K /W), for 0.036K 0.45Kr T T      (8)

Viscous heating per unit length equals to the volume flow rate multiplying the pressure drop per unit
length

f 3 3 ( / )q n V dp dl  (9)
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After being precooled in the heat exchanger, the concentrated fluid enters the mixing 
chamber to produce cooling and then flows into the dilute channel. The cooling power of DR 
equals to the 3He enthalpy difference of the inlet concentrated phase and outlet dilute phase in 
the mixing chamber 
 mc 3 3,d s mc 3 i( ( , ) ( ))Q n H x T H T   (10) 
 

where H3,d and H3 is the enthalpy per mol 3He in the dilute and concentrated phase. Tmc is the 
temperature of the mixing chamber; xs is the saturated concentration corresponding to Tmc, Ti is 
the inlet temperature of the mixing chamber. 

Entropy generation 
Entropy generation of the heat exchanger mainly comes from non-isothermal heat transfer 

and viscous loss [11].  Axial non-isothermal heat transfer results from the axial liquid heat 
conduction.  The radial non-isothermal heat transfer comes from the temperature difference 
between the liquid and solid, which is mainly due to the Kapitza resistance.  The entropy 
generation of radial non-isothermal heat transfer is  

  (11) 

 

where Q is the exchanged heat, W. 
The entropy generation of the mixing chamber 
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SF and S3 is the entropy per mol 3He of the dilute phase and inlet concentrated phase in the 
mixing chamber, J/K/mol. Qconc,mcin and Qcond,mcout  is the inlet and outlet liquid conduction heat 
of the mixing chamber, respectively. 

Taking the heat exchanger and mixing chamber as a whole, the entropy generation (W/K) is 
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Where Sin is the entropy per mol 3He at the inlet of the concentrated channel. SF,out is the 
entropy per mol 3He in the dilute phase at the outlet. Tc,in and Td,out is the inlet temperature of the 
concentrated channel and outlet temperature of the dilute channel, respectively. Qconc,in and 
Qcond,out is the inlet and outlet axial liquid conduction heat of the heat exchanger.  

Liquid property 
3He is fermion, and when the temperature is much lower than Fermi temperature TF, the 

specific heat is proportional to the temperature.  In the 3He-4He mixture, 3He can be regarded as 
the weakly interacting quasiparticle Fermi gas, and 4He can be regarded as the superfluid 
background supporting 3He atoms. When the temperature is lower than 0.25 K and the 3He 
concentration is lower than 0.3, the specific heat of the mixture can be regarded as a combination 
of pure 4He fluid and quasiparticle Fermi gas.   

Papers of Kuerten [12] and Chaudry [13] are referred to calculate the thermal properties of 
fluids. This section only lists several important properties.  The enthalpy of the pure 3He fluid 1 
(J /mol) is a function of temperature: 

                                                           
1 Assume the 3He concentration in the concentrated liquid of the heat exchanger is 100%, and the properties of pure 3He fluid are 
used for calculation. 
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where 3
oC  is the specific heat of pure 3He. 

The enthalpy per mol 3He in the dilute phase is the function of temperature and 
concentration: 
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μ3 is the chemical potential of 3He, J/mol. SF is the entropy of quasiparticle fermi gas. 4
oS  is 

the entropy of pure 4He. 
The superfluid 4He is stationary and the chemical potential of 4He is equal everywhere, 

which is an important basis to determine the temperature and concentration distribution. Because 
the hydrostatic pressure is much smaller than the osmotic pressure, it is ignored to simplify the 
calculation. 4He chemical potential μ4 (J/mol) can be expressed as 
 4 4 f( , ) ( ( ) ( , )) constoT x V p T T x      (16) 
 

where pf is the fountain pressure. Π is the osmotic pressure. 
The data of the 3He thermal conductivity is obtained from HE3PAK [14], and the data of the 

thermal conductivity of the dilute phase kd is obtained from Pobell’s book  (5% 3He in 4He) [10]. 
The viscosity of pure 3He η3 [15] is  

 2 1.5
3 1 2 3 4/ / /c T c T c T c      (17) 

 

Eq. (17) applies to the temperature range from 3 mK to 3.3157 K. c1, c2, c3 and c4 are 
coefficients and the values are from reference [15]. 

The viscosity of dilute phase ηd  is obtained by fitting the data in Ref. [10], and the fitting 
formula is 
 2 2 6

d / (4.2911 0.1909 0.0271) 10T T T      (18) 
 

The data in the literature are applicable to 15-100 mK, and this paper assumes that the 
formula is applicable to 15-200 mK. 

NUMERICAL MODEL 
The numerical model is set up to calculate the thermal performance. The heat exchanger is 

regarded as a one-dimensional model, and divided into n-1 segments (n points) along the length. 
The mesh is shown in Figure 2. Using MATLAB, the calculation procedure is shown in Figure 3. 

2

Figure 2. The mesh of the heat exchanger.
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The working conditions2 are as follows: the flow rate of 3He is 7×10-6 mol/s, inlet temperature of 
the concentrated phase is 350 mK, and the cooling temperature Tmc is 100 mK.  The boundary 
conditions are as followed: 
 c (1) 350 mKT   (19) 
 d mc( ) 100 mKT n T   (20) 
 s mc( ) ( )x n x T  (21) 
 

The grid independence is verified. Taking L=0.583 m, dic=0.5 mm, Did =0.7 mm, Dod =1.2 
mm as an example, the relative error of the simulation results between n=71 and n=61 is lower 
than 0.01%. The mesh number 70 is selected.  

Figure 3. The procedure of the numerical simulation.

SIMULATION RESULTS 

Size Optimization 
Heat Transfer Area 

The heat transfer area between the dilute phase and the wall is the key factor. The 
performances at different heat transfer areas are investigated by fixing dic=0.5 mm, Did=0.7 mm, 
Dod=1.0 mm, and increasing L from 0.2 m to 0.6 m. The calculation results are shown in Figure 4. 
As L increases, the heat transfer area increases. The outlet temperature of the concentrated 
channel decreases and the cooling power of the mixing chamber increases, while the outlet 
temperature of the dilute channel rises slightly. When L = 0.5 m, the outlet temperature of the 
concentrated channel is very close to the mixing chamber. If the length is further increased, the 
outlet temperature of the concentrated phase almost unchanges, while the entropy generation 
increases. With the overall consideration of the cooling power and the entropy generation, the 
heat transfer area of 11 cm2 on the dilute side when L = 0.5 m is selected as the final heat transfer 
area. 

Diameter Determination 
The performances under constant heat transfer area and changing diameter Did are 

investigated. The fixed diameter relationships are Did-dic=0.2 mm (equal to the thickness of the 
internal tube) and Dod - Did =0.4 mm.  Did increases from 0.6 mm to 0.8 mm and L decreases 

from 0.583 m to 0.438 m. The dimensions are listed in Table 1. The results are shown in Figure 
5-6.  As Did increases, the outlet temperature of the concentrated phase is almost unchanged, but 
the outlet temperature of the dilute phase rises slightly due to the increasing of the axial liquid 
thermal conduction. As Did increases, both the pressure drop and the viscous heating decrease. 
The entropy generation of the radial non-isothermal heat transfer decreases slightly, but the 
entropy generation of the axial liquid heat conduction increases and thus the total entropy 
generation increases. Considering cooling power and entropy generation, Did = 0.6 mm is 
selected.  

Table 1 The dimensions of the heat exchanger with constant Did ∙L 
L/m dic /mm Did /mm Dod /mm 

0.583 0.40 0.60 1.00 
0.500 0.50 0.70 1.10 
0.438 0.60 0.80 1.20 
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The working conditions2 are as follows: the flow rate of 3He is 7×10-6 mol/s, inlet temperature of 
the concentrated phase is 350 mK, and the cooling temperature Tmc is 100 mK.  The boundary 
conditions are as followed: 
 c (1) 350 mKT   (19) 
 d mc( ) 100 mKT n T   (20) 
 s mc( ) ( )x n x T  (21) 
 

The grid independence is verified. Taking L=0.583 m, dic=0.5 mm, Did =0.7 mm, Dod =1.2 
mm as an example, the relative error of the simulation results between n=71 and n=61 is lower 
than 0.01%. The mesh number 70 is selected.  

Figure 3. The procedure of the numerical simulation.

SIMULATION RESULTS 
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temperature of the dilute channel rises slightly. When L = 0.5 m, the outlet temperature of the 
concentrated channel is very close to the mixing chamber. If the length is further increased, the 
outlet temperature of the concentrated phase almost unchanges, while the entropy generation 
increases. With the overall consideration of the cooling power and the entropy generation, the 
heat transfer area of 11 cm2 on the dilute side when L = 0.5 m is selected as the final heat transfer 
area. 

Diameter Determination 
The performances under constant heat transfer area and changing diameter Did are 

investigated. The fixed diameter relationships are Did-dic=0.2 mm (equal to the thickness of the 
internal tube) and Dod - Did =0.4 mm.  Did increases from 0.6 mm to 0.8 mm and L decreases 

from 0.583 m to 0.438 m. The dimensions are listed in Table 1. The results are shown in Figure 
5-6.  As Did increases, the outlet temperature of the concentrated phase is almost unchanged, but 
the outlet temperature of the dilute phase rises slightly due to the increasing of the axial liquid 
thermal conduction. As Did increases, both the pressure drop and the viscous heating decrease. 
The entropy generation of the radial non-isothermal heat transfer decreases slightly, but the 
entropy generation of the axial liquid heat conduction increases and thus the total entropy 
generation increases. Considering cooling power and entropy generation, Did = 0.6 mm is 
selected.  
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Figure 7. The pressure drop and entropy generation with the outer diameter of the dilute phase. 
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Based on the above dimensions, the influence of the outer diameter Dod of the dilute channel 
on the pressure drop and entropy generation is investigated. The results are shown in Figure 7.  
With Dod increasing, the pressure drop decreases, and thus the viscous heating decreases. The 
entropy generation of radial non-isothermal heat transfer increases, while the total entropy 
generation decreases and approaches a constant value. Considering the pressure drop and entropy 
generation, the optimal dimensions are determined as dic=0.4 mm, Did =0.6 mm, Dod =1.2 mm, 
and L =0.583 m. 

   
Figure 8. The distribution of temperature, concentration, and enthalpy flow. 
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Performance with the Optimal Dimensions 

The performance of the optimal heat exchanger  calculated.  Figure 8 shows the 
distributions of the temperature, concentration and enthalpy flow along the length of the heat 
exchanger. The specific heat of 3He in the dilute phase is larger than that in the concentrated 
phase, and thermal equivalent mismatch appears. The enthalpy flow of the dilute phase is much 
larger than that of the concentrated phase, as shown in the right side of Figure 8. The temperature 
of the concentrated phase changes greatly, and the temperature gradient along the length 
direction is larger. The dilute phase in the mixing chamber is saturated, where the concentration 
is largest. Since the 4He chemical potential in the dilute channel is equal everywhere, the 3He 
concentration keeps decreasing as the dilute temperature increases from the mixing chamber to 
the outlet of the dilute channel. The outlet concentration is 5.68%. In addition, the entropy 
generation is analyzed to show the thermodynamic performances. Figure 9 shows the distribution 
of the entropy generation per unit length caused by the radial non-isothermal heat transfer in the 
heat exchanger. The thermal resistance between the dilute phase and wall is the largest because 
of the larger Kaptiza resistance coefficient and lower temperature, which results in the larger 
radial temperature difference. Therefore, the corresponding entropy generation is much larger. 

Table 2 summarizes the performance of the heat exchanger. The heat exchanger can cool 
the concentrated fluid from 350 mK to 100.3 mK, and the outlet temperature of the dilute phase 
is 159.4 mK. The cooling power of the mixing chamber is 4.90 μW at 100 mK. The total fluid 

is

 
Figure 9. The entropy generation per unit length caused by the radial non-isothermal heat transfer. 

Table 2 The performances of the optimized heat exchanger. 

Physical properties Value 
Outlet temperature of the concentrated channel  100.3 mK 
Outlet temperature of the dilute channel 159.4 mK 
Cooling power 4.90 μW 
Pressure drop of the concentrated fluid 5.72 Pa 
Pressure drop of the dilute fluid 1.47 Pa 
Entropy generation of the heat exchanger 14.53μW/K 
Entropy generation due to radial non-isothermal heat transfer 14.28 μW/K 
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CONCLUSION 

In this paper, the theoretical and numerical model of the continuous tube-and-tube heat 
exchanger in the dilution refrigerator are established, and the corresponding simulations under 
small flowrates are carried out. It is found that: 

(1) When the diameter of the heat exchanger increases, the pressure drop and the viscous 
heating decrease, but the axial thermal conductivity of the liquid increases. The 
influence of viscous heating and axial liquid heat conduction on the heat transfer and 
irreversibility can not be ignored under small flowrates. 

(2) The dimensions of the heat exchanger are the compromise of the cooling power and 
entropy generation.  

(3) The non-isothermal heat transfer due to the Kapitza thermal resistance on the dilute side 
is the key factor affecting its performances. 

 The optimal dimensions of dic=0.4 mm, Did =0.6 mm, Dod =1.2 mm, L =0.583m are 
obtained, and the corresponding heat transfer performances are quantitatively analyzed. The 
optimized heat exchanger can cool the concentrated phase from 350 mK to 100.3 mK, and the 
cooling power is 4.90 μW at 100 mK. In the design and optimization of heat exchanger, the heat 
transfer area of the dilute phase should be increased, and the axial liquid heat and viscous heating 
should be restrained to reduce the entropy generation.  
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Based on the above dimensions, the influence of the outer diameter Dod of the dilute channel 
on the pressure drop and entropy generation is investigated. The results are shown in Figure 7.  
With Dod increasing, the pressure drop decreases, and thus the viscous heating decreases. The 
entropy generation of radial non-isothermal heat transfer increases, while the total entropy 
generation decreases and approaches a constant value. Considering the pressure drop and entropy 
generation, the optimal dimensions are determined as dic=0.4 mm, Did =0.6 mm, Dod =1.2 mm, 
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pressure drop is 7.20 Pa. The total entropy generation of heat exchanger and mixing chamber is 14.53 ìW/K,
where the contribution of the mixing chamber is nearly zero. The entropy generation of radial non-isother-
mal heat transfer is 14.28 ìW/K, accounting for 98.3% of the total entropy generation. The high tempera-
ture end of the heat exchanger has a large fluid temperature gradient and a large proportion of axial liquid
heat conduction. Meanwhile, the viscosity of fluid increases with the decrease of temperature, and the
proportion of viscous heating at the low temperature end is larger. Therefore, in the calculation of heat
exchanger, the axial liquid heat conduction and viscous heating should be considered to ensure the accu-
racy of calculation.

CONCLUSION

In this paper, the theoretical and numerical model of the continuous tube-and-tube heat exchanger in
the dilution refrigerator are established, and the corresponding simulations under small flowrates are car-
ried out. It is found that:

(1) When the diameter of the heat exchanger increases, the pressure drop and the viscous
heating decrease, but the axial thermal conductivity of the liquid increases. The
influence of viscous heating and axial liquid heat conduction on the heat transfer and
irreversibility can not be ignored under small flowrates.

(2) The dimensions of the heat exchanger are the compromise of the cooling power and
entropy generation.

(3) The non-isothermal heat transfer due to the Kapitza thermal resistance on the dilute side
is the key factor affecting its performances.

The optimal dimensions of dic= 0.4 mm, Did = 0.6 mm, Dod =1.2 mm, L = 0.583 m are obtained, and
the corresponding heat transfer performances are quantitatively analyzed. The optimized heat exchanger can
cool the concentrated phase from 350 mK to 100.3 mK, and the cooling power is 4.90 ìW at 100 mK.
In the design and optimization of heat exchanger, the heat transfer area of the dilute phase should be increased,
and the axial liquid heat and viscous heating should be restrained to reduce the entropy generation.



Prospects for High Temperature Cryocooling with
Improved SWaP-C Enabled by Advanced DTP
Solid-State Thermoelectrics
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DTP Thermoelectrics, LLC
Altadena, CA 91001 USA

ABSTRACT

Conventional thermoelectric (CTE) systems can provide temperature differences up to 140K,
which is not sufficient for most cryocooling applications. Distributed Transport Property (DTP)
thermoelectrics, thermoelectric material systems with properties that vary optimally throughout
the material, exhibit significant gains in cooling capacity, efficiency, and maximum temperature
difference. Initial empirical test results and numerical modeling indicate that temperature differences
greater than 220K are possible with DTP, opening up a broad range of new opportunities for
cryocooling applications.

DTP solid state devices present a new and attractive SWaP-C benefit package not attainable
with other cryocooling options. In this paper, we show where temperature control systems based on
DTP materials can meaningfully impact commercial cryocooling applications, such as cryosurgery
and cooling of electronic devices. We compare the performance and other critical characteristics of
CTE, DTP, and traditional cryocooler technologies and identify applications where DTP systems
create the option of compact solid state temperature control in the higher operating temperature
range of cryocoolers. 

INTRODUCTION

Distributed Transport Property (DTP) solid state devices bring thermoelectrics (TE) into the
upper operating temperature range of cryocooling applications. While conventional TE (CTE)
technology is unlikely to get to the deepest cryocooling ranges, DTP has pierced the applicability
threshold of allowing cryocooling in applications like IR cameras/sensors, cryosurgery, and cooled
electronic and power devices.

One cryocooling application example is for cooled IR cameras, which provide significant benefits
over uncooled IR cameras in speed, spatial resolution, sensitivity, synchronization, and spectral
response [1–5]: “If you want to see the minute temperature differences, need the best image quality, have
fast / high speed applications, if you need to see the thermal profile or measure the temperature of a very
small target, if you want to visualize thermal phenomena in a very specific part of the electromagnetic
spectrum, or if you want to synchronize your thermal imaging camera with other measuring devices…a
cooled thermal imaging camera is the instrument of choice” [6].  Cooling reduces thermally-induced
noise to a level that is below that of signals from imaged scenes [6].
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